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We give a precise theoretical description of initially aligned sets of orthogonal gyroscopes 
which are transported along different paths from some initial point to the same final point in 
spacetime. These gyroscope systems can be used to synchronize separated observers' spatial 
frames by free fall along timelike geodesies. We find that initially aligned gyroscope systems, 
or spatial frames, lose their synchronization due to the curvature of spacetime and their 
relative motion. On the basis of our results we propose a simple experiment which enables 
observers to determine locally whether their spacetime is described by a rotating Kerr or a 
non-rotating Schwarzschild metric. 

I. INTRODUCTION 

Gravity in general relativity is described by the curvature of spacetime. So a question that 
naturally arises is how observers may determine this curvature in their local neighborhood [T] by 
its effects on physical objects, like point particles and spinning gyroscopes. The most commonly 
discussed such effect is the relative acceleration between freely falling point particles near an ob- 
server's position. Mathematically, this is described by the Jacobi equation and hence sourced by 
the so-called electric components of the Riemann tensor [2]. 

In this article we will describe the effects of curvature on relatively moving gyroscope systems 
in detail. Concretely, we will consider two sets of gyroscopes that define an orthogonal system of 
spatial axes; these are synchronized at some initial point of spacetime; then they are transported 
along different paths to a nearby final point where their axes are compared. It will turn out 
that the so-called magnetic components of the Riemann tensor cause a loss of synchronization of 
the gyroscope systems which adds to non-gravitational effects coming from their relative velocity 
and relative acceleration. Mathematically speaking, this generalizes the statement of the path- 
dependence of parallel transport on curved spacetimes into a statement about the path-dependence 
of Fermi- Walker transport. Physically speaking, we will show that the loss of synchronization of 
initially aligned gyroscope axes can be interpreted as the relative rotation of observers' spatial 
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frames induced by gravity and their relative motion. 

Experiments and calculations that study the effects of spacetime curvature on gyroscopes have 
been considered before, e.g. in In contrast to earlier theoretical approaches, however, we 

construct a fully realizable synchronization and comparison procedure for the gyroscopes through 
timelike free-fall propagation. Moreover, our calculation is fully covariant and applies to arbitrary 
spacetimes; neither does it require a time-space split nor the metric perturbation theory of the 
PPN formalism. 

As an application of our new results we will discuss a local experiment which enables observers 
to decide whether the spacetime they are living in is of Kerr or Schwarzschild type, i.e., whether it 
possesses angular momentum or not. This is achieved locally without referring to observers or other 
quantities defined at infinity or using spacetime perturbation theory. We simply need to study the 
curvature induced relative rotation of gyroscope systems for locally non-rotating observers. 

We will begin in section [II] by reviewing some mathematical concepts needed to analyze the 
curvature effects on gyroscope motion. In addition, we will develop the Fermi- Walker transport of 
gyroscopes along non-differentiable worldlines which is required to generalize the path-dependence 



theorem. In section III we will describe how observers may use gyroscope systems to synchronize 
their spatial frames. Our main result Theorem 1 (which we will prove in full mathematical detail 
in the appendix) then connects the desynchronization of gyroscope systems to the magnetic com- 
ponents of the Riemann tensor. We will then derive Theorem 2 that interprets our results in terms 



of relative local rotations of observers' spatial frames of reference. In section IV we will apply our 
findings to demonstrate that a simple local gyroscope experiment can distinguish between Kerr 
and Schwarzschild spacetime. We will conclude with a discussion in section [V] 



II. TRANSPORT OF VECTORS AND GYROSCOPES IN SPACETIME 

Before we study how curvature effects gyroscopes, we review and develop some mathematical 
preliminaries. First, in section II A we recall the notion of covariant Taylor series on metric 
manifolds (M, g) and the standard theorem about the connection between parallel transport along 



different paths and the Riemann curvature tensor. Then, in section II B we clarify the basic 

we 



properties of a gyroscope and review its motion through spacetime. Finally, in section II C 



derive new results on the motion of gyroscopes along non-differentiable worldlines. The latter are 



needed for a precise description of the motion of the gyroscope systems considered in section III 
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A. Covariant Taylor expansions and path-dependence 

The covariant Taylor expansion on metric manifolds (M, g) is a way to expand tensors around 
a point p in M such that the coefficients of the Taylor series are covariant objects; details can be 
found in [6]. Here, we only discuss the first order expansion of vector fields since this is all we will 
require below. 

Consider a curve 7 : t 1— )■ 7(2) through 7(0) = p and a vector field X(j(t)) along this curve. 
Let {Pfii'jit})} with fjL = 0, . . . , 3 be a basis of T 7 u\M which is parallelly transported along 7, i.e., 
V.yp^ = 0. Observe that this implies 

V^ = 7(^)p M . (1) 

Now we express X{j(t)) in the parallelly transported basis and then Taylor expand the components 
to equate 

X( 7 (i)) = X^(t))p^(t)) = [X"( 7 (0)) + t 7(^)(7(0))]*v(7(i)) + • (2) 

Combining these formulae shows that this expansion is in fact a covariant Taylor expansion with 

X"( 7 (t)) = *"(7(0)) + t (V^X)"( 7 (0)) + 0(t 2 ) . (3) 

This type of expansion will be used repeatedly in the appendix where we will prove Theorem 1 
of section III Another small but important fact following from ([!]) is that the components of a 



parallelly transported vector field with respect to a parallelly transported basis are constant along 
the path. 

A well-known mathematical theorem states that the Riemann curvature of metric manifolds 
(M, g) measures the difference of the parallel transports of an initial vector along two different 
paths to the same final point. 

More precisely, consider two commuting vector fields X and Y on M with [X, Y] = 0. Now 
moving from p first along an integral curve of X for parameter distance t, then along an integral 
curve of Y for parameter distance s (path 1) reaches the same final point as moving from p 
first distance s along Y, then distance t along X (path 2). The final points for different t,s 
form a surface 7 : (t, s) h-> j(t, s) with p = 7(0, 0) and partial derivatives 7 (t, s) = _X"( 7 (i, s)) and 
7 ; (t,s) = y( 7 (t, s)), see figure [Tj Let Z £ T p M be an initial vector at the point p G M. We 
write and for the vector fields generated from this vector by parallel transport along the 
respective paths 1 and 2. With this notation the theorem states [7J: 

Z( 2 )( 7 (t, s)) - zU(j(t, s)) = ts (R(X, Y)Z){p) + 0((t, sf) . (4) 
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FIG. 1. Parallel transport of a vector along two different paths. 

The central result of this paper, Theorem 1, will be a generalization of this theorem. It shows 
that the path-dependence of the Fermi- Walker transported spin axes of gyroscope systems is related 
to the Riemann curvature tensor and their relative motion. We will show that this has a nice 
physical interpretation: gravity induces a relative rotation on all spatially separated frames of 
reference and thus on all physical objects. 

B. Basic gyroscope motion 

The physics of a gyroscope is characterized by an intrinsic angular momentum vector field S 
defined along the timelike worldline 7 : 1 1— > j(t) with unit normalized four-velocity, 5(7,7) = — 1. 
The field S satisfies two requirements: 

(1) S is spatial in the gyroscope's reference frame, i.e., g(S, , y) = 0; 

(2) no torque is applied to the gyroscope; following [8j this means VjS ~ 7. 

By differentiating the first condition along the worldline and projecting the second condition on 
the direction 7, one finds the transport equation for S: 

V* f S = g(Vtf,S)i. (5) 

We emphasize that the unit normalization of 7 is crucial for this equation to hold; it is not invariant 
under rescalings of 7. The above transport law for the intrinsic angular momentum of a gyroscope 
is known as Fermi- Walker transport. 

The gyroscope transport equation implies that the normalization g(S, S) > stays constant 
along the worldline 7. This fact can be used to show that the axis of rotation defined by the 
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normalized vector field es = S/ ' \J g(S, S) satisfies the same equation as S. Now consider a system 
of three gyroscopes with initially orthonormal rotation axes c a for ol — 1, . . . , 3. Then the initial 
orthonormality g(e a ,ep) = 5 a p of this system is preserved along the worldline, since 

i{g{da,e p )) = 2g(Vje( a ,ep ) ) = 2g(Vjj, e (a ) g{e^, 7) = 0. (6) 

Hence an orthonormal system of gyroscopes always will stay orthonormal, no matter how it moves. 
In particular the system could be arbitrarily accelerated and rotated. 

The last ingredient missing before we can describe the synchronization of spatial frames is the 
transport of gyroscopes along non-differentiable worldlines. The difficulty here is to guarantee that 
the gyroscope axes stay spatial with respect to their actual worldline tangent. 



C. Gyroscopes on non-differentiable worldlines 



An observer with a gyroscope could decide at some point to i n time to move it around in his 
laboratory. In an idealized situation, the worldline 7 of this gyroscope that followed the worldline 
of the observer for t < to would then non-differentiably branch off at 7(io)- Hence 

e = lim j(t) / lim j(t) = f . (7) 
t/*to t\to 

Here the gyroscope transport equation ^ can only be applied on the domains t < to and t > to- 
There it ensures that the intrinsic angular momentum S always stays spatial, i.e., orthogonal 
to 7, which is realized by infinitesimal pure Lorentz boosts in the planes spanned by 7 and the 
acceleration Vjj. 

However, at to the notion of space abruptly changes. There the final intrinsic angular momen- 
tum S < (to) reached along t < to which is orthogonal to eo has to be mapped by hand into a 
corresponding value S > (to) orthogonal to fo that may serve as initial condition for further trans- 
port for t > to. The relevant map is the unique finite pure Lorentz boost A that maps eo A fo 
without involving any spatial rotation. 

In order to find this map we consider the generators for boosts in the plane spanned by (eo, fo), 
where we write fo = fo e n with respect to an orthonormal basis {e^} with [i = ... 3. These 
generators have components 

i^ v = 2^fS ] V P u = 2S^fS ] v pv . (8) 
Exponentiation A = exp(cjA) with parameter A determined so that A(eo) = fo then yields the 
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Lorentz transformation matrix 



fo fop 



(9) 

with respect to the basis {e M }, where |/o| 2 = 5apfofo anc ^ s P a tial indices are lowered, with S a p. 



The application of this Lorentz transformation to an intrinsic angular momentum vector S < = 
S <a e a orthogonal to eo yields after some rewriting 

5 > = g < + 1 g(/ °;f < \ (/o + eo). (10) 

This formula shows that the difference S > — S < indeed lies in the plane (eo,/o)- Moreover, it is 
not difficult to check that S > is now spatial with respect to the new time direction, g(fo, S > ) = 0, 
and has the same length as before the Lorentz boost, g(S > , S > ) = g(S < , S < ). 

III. RELATIVE GYROSCOPE ROTATIONS 

This is the central section of this article, where we will analyze in detail the spacetime ef- 
fects on gyroscope systems by considering the path-dependence of gyroscope, or Fermi-Walker, 
transport. We will show that two systems of initially synchronized gyroscopes that form aligned 
orthonormal spatial frames of reference gradually lose their synchronization. The effects come from 
non- vanishing magnetic components of the Riemann tensor and the relative velocity and accelera- 
tion of the gyroscope systems. Our results are presented in the form of two theorems. Theorem 1 in 
section [III A establishes the details of gyroscope desynchronization, and Theorem 2 in section IIIB 



provides a physical interpretation in terms of measurable relative rotations of the gyroscope axes 
and spatial observer frames. 

A. Curvature effects on gyroscope transport 

Consider a freely falling observer who prepares two aligned copies of a system of three gyroscopes 
with axes that represent her spatial orthonormal frame. Let a second observer move along an 
arbitrary timelike worldline in some small distance to the first. In order to equip the second 
observer with a synchronized gyroscope system, the first initiates the free fall of one of the two 
aligned gyroscope systems to the second. Then both observers propagate with their gyroscope 
systems through spacetime. After some time they wish to compare their gyroscope systems. To 
do so, the first observer initiates another free fall of her remaining gyroscope system to the second 
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observer, who now compares the axes of both gyroscope systems. In general, it will turn out 
that the gyroscopes have lost their synchronization. We will see that to first non-trivial order 
this desynchronization is sourced not only by the Riemann curvature tensor of spacetime but 
also by contributions depending on the relative velocity and relative acceleration between the two 
observers. 

Mathematically, we describe the spacetime effects on gyroscope systems by a two-surface (t, s) t-t 
j(t, s) with parameters t and s. For fixed t or s this surface can be understood as a family of 
curves with respective tangents 7 = <9t7 or 7' = d^. We have [7', 7] = 0. The freely falling first 
observer moves on the geodesic t h-> 7(i, 0) with (V^7)|(f j o) = 0; this can be parametrized so that 
s(7>7)|(t,o) = — !• The second observer moves along the timelike trajectory t 1— > j(t,s) for some 
fixed s without further special properties. The free fall of the gyroscope systems from the observer 
on j(t, 0) to the observer on j(t, s) takes place along timelike curves s \-t j(t, s) for fixed t which 
are again geodesies with Vy7' = 0. 




/(0,0)\ 
/ \ 
/ \ 

FIG. 2. Motion of initial gyroscope axes e at 7(0, 0) to final gyroscope axes and at 7(i, s) along 
different paths: W via 7(t,0), and ^ via 7(0,5). Finite Lorentz boosts changing orthogonality to 7 into 
orthogonality to 7' are indicated by rv, the reverse change by 

The gyroscope transport can now be performed as illustrated in figure [2} The freely falling 
observer with worldline t i-> 7(i, 0) prepares two identical spatial orthonormal gyroscope systems 
with axes e Q (0,0) at 7(0,0). One copy is transported freely falling along s h-» 7(0, s) to a second 

observer with worldline 1 1— > j(t, s); since e a (0, 0) is orthogonal to 7(0, 0), this motion must involve 

(2) 

a finite Lorentz boost e Q (0, 0) 1— > e a (0, 0) to keep the orthogonality between the gyroscope axes to 
their worldline tangent 7 ; (0, 0). Now the transport equation rt5J) can be applied. When the second 



s 



observer receives the gyroscope at 7(0, s) another Lorentz boost has to be applied to ensure that the 

(2) (2) 

gyroscope axes become orthogonal to the second observers worldline e a (0, s) f a (0, s) _L 7(0, s). 

This procedure defines the initial synchronization of the two observers' gyroscope systems e a (Q, 0) 
(2) 

and f a (0, s). Now both observers transport their gyroscope systems for some time t. The resulting 
fa {t, s) provide the final axes orientations of the second observer that must be compared to those 
of the gyroscope system e a (t, 0) of the first observer at j(t, 0). To do this the latter must be moved 
to the point j(t,s); this involves the finite Lorentz boost e a (t, 0) 1— > e a (t,Q) _L j'(t,0), followed 
by a free fall to e a l \t, s) and another finite Lorentz boost e a (t, s) h-> f a (t, s) _L j(t, s). 

The two paths along which the copies of gyroscope systems are transported can be summarized 
as follows, where — > indicates the use of the gyroscope transport equation along the tangent 
vector X and A- the application of a finite Lorentz boost A: 

W : e a (0,0) ^ e a (t,0) ^ e«(i,0) ^ e«( M ) ^ (H) 
V : eQ (0,0) H 1 e( 2 )(0,0) ^ e£\o,s) ^ ff\o,s) tf\t,a) . 

Note that the resulting gyroscope systems f a (t, s) and f a (t, s) of the two observers that are to 
be compared now are both orthogonal to 7(4, s). The result of this transport of frames can be 
stated as follows: 

Theorem 1. Let 7 : (t,s) 1— > j(t,s) be a two-dimensional surface embedded in a spacetime (M,g) 
so that (V^7)|( 4)0 ) = with 3(7,7)1(^0) = ~~ 1> an d ^j'l'\(t,s) = 0- Let e Q (0,0) _L 7(0,0) be an 
orthonormal spatial frame which is Fermi-Walker transported (as a gyroscope system) into frames 
fa\t,s) or fa\t, s) atj(t,s) along either path (1) or path (2) stated above in equation (11). Then 

f a 2 \t, s) - f a 1] (t, s) = st (P|(i?( 7 , 7'K) + AA^ e/3 ) |(00) + <D(t\ (s, tf) , (12) 

where = 5 + ® g{n^, •) is the projection orthogonal to 7. TTie ierm AA is sourced by the 
relative velocity v = V^'y' and acceleration a = V^V^' ; with N = 1 — 5(7, ny), 

AA a|(o,o) = [g(ny , e a )a p -g(a, e a )n y + — --^= ^ ^ (g(ny , e a )v p -g(v, e a )n y )j ^ ^ . (13) 



We present the details of the rather lengthy proof of this theorem in the appendix. As mentioned 
before, this theorem generalizes the well-known result on the path-dependence of parallel transport, 
see section 



II A 



Here the deviation of the frames fa^ and f a 2 ^ due to the path dependence of 



Fermi-Walker transport is interpreted as the desynchronization of two gyroscope systems. This 
is caused on the one hand by the Riemann curvature tensor of spacetime, and on the other hand 
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by contributions AA from Lorentz boosts that still appear on flat spacetime. The contributions 
from the Lorentz boosts are related to the Thomas precession and capture the simple fact that 
the second observer in general is boosted and rotates relatively to the first. They vanish in case 
that the spatial part of the relative velocity and acceleration stay parallel to the spatial initial 
direction 7' of separation between the two observers. 



We will now reformulate the result of Theorem 1 on the desynchronization of gyroscope systems 
into a statement on their relative rotation induced by the gravitational field. This can also be 
interpreted as the relative rotation of two nearby observers whose spatial frames coincide with the 
respective gyroscope systems. 

In order to do so, a first observer prepares two aligned sets of three gyroscopes with orthonormal 
spin axes, representing her spatial frame. One of the gyroscope systems is passed to a second nearby 
observer via free-fall. When received by the second observer it is still orthonormal, and so can be 
used to define the second observer's spatial frame. As a consequence of this procedure, both 
observers consider their spatial frames to be aligned. After some time the first observer passes the 
remaining set of gyroscopes to the second who compares the alignment of both gyroscope systems 
and deduces a relative rotation of the spatial frames from their desynchronization. The result is 
summarized in the following theorem: 

Theorem 2. Consider a freely falling observer W with orthonormal frame {e M } at some point p of 
a metric manifold (M,g), and a general second observer ^ separated from the first by parameter 
distance s along a timelike geodesic through p with tangent X. Then the gravitational field and the 
observers' relative motion induce a relative spatial frame rotation AQ = — fit 1 ) given by 



where, writing M = 1 — g(eo, nx), and v and a for the observers' relative velocity and acceleration, 



B. Local rotation theorem 



AJ^OOe/J = s(P£(R(.eo, X)e a ) + ~P a e^ + 0(s 2 ) , 



(14) 



1 r 



g{nx, e a )aP - g(a, e a )n x + 



1 g(v,n x + e ) 



{g{nx,e a )v 



-g(v,e a )n x ) . (15) 



M V 



M y/\g{X,X)\ 



Before we prove this theorem, we recall that a general observer on a worldline with unit normal- 
ized four- velocity eo and orthonormal spatial axes e a (defined as vector fields along the worldline) 
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is described by the equations 

V eo e = A a e a , V eo e a = A a e + Sl fi a ep . (16) 

The first equation describes the covariant acceleration and turns into geodesic motion for A a = 0. 
The second equation, for / 0, describes the rotation of the spatial frame in time. 

Proof of Theorem 2. The measurement of the relative rotation of two observers is performed 
by comparing spatial frames of reference that are modelled by gyroscope systems as described 
in Theorem 1. Hence we identify the frame vectors = e M (0,0), where eo(0,0) = 7(0,0), and 



X = 7' (0,0). We begin by applying the covariant time-derivative V nAf at t = to equation (12), 
which yields 

Vn,/i 2) (0,s) - V n ./«(0 )S ) = s (P|(ii(7,7')e a ) + AA^e^) |(0)Q) + 0(s 2 ) . (17) 
Since ru = /q 1 ' 2 ^ completes both spatial frames fa' 2 ^ into complete orthonormal frames, the left 



hand side can be written as in equation (16), 



)-4 1 )(0,5)) % (0, S ) + ^ 2 )^ a (0, S )/f ) (0, S )-O( 1 )^(0, S )/«(0, S ), (18) 



where describes the frame rotation of the second observer, while f^ 1 ) describes the frame 
rotation of the first observer as seen from the perspective of the second. Both gyroscope sys- 
tems and f^ move along the same worldline, so that V n ^n^, = A^ a f^ = A^ a fa , then, 
since fa\o, s) = /a (0, s), the covariant acceleration terms above vanish. In consequence, expres- 



sion (18) simplifies to 

(O( 2 )^(0, s )-fi«^ a (0, s ))4 2) (0, s ). (19) 

Now observe that n^' 2 \0,s) ~ 0{s). To see this, we can rewrite 

4 1 ' 2 )(0,0)e (0,0) + ^ 1 ' 2 ) /3 a (0,0)e /3 (0,0) = V n . /<^(0, 0) (20) 

= (Vn,/^ 2) (i,0)) |t=0 = (V n ,e a (i,0)) |t=0 = 

since the derivative does not act on the s-dependence, since by construction fa ' (t,0) = e a (t,0) 
because the combined finite Lorentz boosts become trivial, and since the e a (t,0) are parallelly 
transported. This indeed implies the condition of a vanishing zer oth order n^' 2 ^ a (0,0) = 0. 



Hence we can replace fa\o,s) in (19) by its zeroth order expressions fa '(0,0) = e a (0, 0). This 



(2), 



finally yields 

(n( 2 ^ a (0, s ) - fi«^(0, s))ep(p, 0) = A^ a (s)e p (0, 0) (21) 
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for the left hand side of (17). The components arise from the AA^ Q by the frame vector 



identifications made above. This completes the proof. □ 

In order to give a precise description of a spatial frame of reference, observers need to have a 
stable notion of spatial axes. Experimentally, this can be realized by means of gyroscope systems. 
Theorem 2 tells us the interesting fact, that observers who align their spatial frame at some time will 
lose this synchronization due to gravitational effects and relative motion effects. In order to uphold 
aligned spatial frames in spacetime, observers have to counterbalance these effects continually. 

One also observes that the gravitational effects on the rotation of spatial frames of reference 
are sourced by the magnetic R^ a os components of the Riemann tensor with respect to the first 
observer's frame, since P^-(R(j, j')e a ) = R^aosj' 6 ep. This provides a nice picture of the Riemann 
tensor when combined with the Jacobi-equation which tells us that the R a o/30 components of the 
Riemann tensor are responsible for the relative acceleration between nearby observers. 

IV. ILLUSTRATION: SCHWARZSCHILD OR KERR SPACETIME? 

In this section we will illustrate our results for Kerr and Schwarzschild spacetime. We propose 
a very simple local experiment which enables observers to determine which of these backgrounds 
describes their central mass, or, intuitively, whether their spacetime has angular momentum or 
not. More precisely, we will demonstrate that there exists a class of standard observers on Kerr 
spacetime which see a relative rotation of nearby gyroscope systems due to the angular momentum 
parameter in the metric, while the analogue class of observers on Schwarzschild spacetime does not 
observe this relative rotation. 

We follow the notation and use the results from [9] during this section. Consider the metric g 
of Kerr spacetime in Boyer-Lindquist coordinates (i,r, #,</>), 

/ r s r, , 9 2r s arsin 2 8 , S , 9 _ ,„ 9 , 9 9 r s a 2 rsin 2 9, 9 „ , , 9 

g = -(1 - — )dt 2 dtdcj) + —dr 2 + T,d9 2 + (r 2 + a 2 + — ) sin 2 6># 2 (22) 

S X] A X] 

with S = r 2 + a 2 cos 2 9 and A = r 2 — r s r + a 2 , while r s is the Schwarzschild radius and a the 
angular momentum parameter. Moreover consider a so-called local non-rotating observer whose 
frame {e^} in Kerr spacetime is given by 



<{, ~^ dt + 7ME d ^ ei = V^' e2 = ^' Wlsin/^ (23) 



where A = (r 2 + o 2 ) 2 — a 2 A sin 2 0. Observers of this type rotate with the same angular velocity 
seen from infinity as does the central object. 
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The Riemann tensor in a local non-rotating frame can best be expressed in Petrov index no- 
tation, i.e., we calculate R^ U pa, then use the antisymmetry in the index pairs \pu], [pa] and the 
exchange symmetry of these pairs to identify all Riemann tensor components with a symmetric 
6x6 matrix. The six-indices are ordered as [tr] , [tO] , [t<j>] , [rO] , [r<j>] , [9(f)] . In our case this matrix 
takes the form 



R 



\pv] [pa] 



f-Qig* SQ 2 

SQ2 Qi^i 








Qi 










SQi Q 2 \ ± ^ 



V Q2 



2+z 
1-2 



SQ 



-Q2 -Qi 





-SQx 




sq 2 



SQi 



SQ2 



(24) 



with the abbreviations Q\ 
and z 



2H 3 



(r 2 - 3a 2 cos 2 0),Q 2 = g£ ^ 1 (3r 2 - a 2 cos 2 0) , S 



3a A sin 8 , 



A (r 2 +a A ) 

( r 2 +a 2)2 • 

According to Theorem 2, a nearby observer's spatial frame, or gyroscope system, rotates rela- 
tively to that of the local non-rotating observer due to the non- vanishing R^a^o components of the 
Riemann tensor. We may now imagine the following simple experiment: 

Consider a local non-rotating observer defined by a fixed position on the surface of the central 
mass. Now perform the gyroscope transport experiment by sending an aligned gyroscope system 
to the top of some tower. Send another copy later and then compare the two different frames there. 



Their relative rotation is given by formula (14) in Theorem 2. This formula simplifies considerably 



because the top of the tower is at fixed distance; hence the velocity and acceleration relative to the 
base of the tower vanish. Moreover, the timelike direction X has spatial components only in the 
r-direction, pointing up the tower. Hence, 



MlP a {s)ep = sP e ± (R(e ,X)e a ) + 0(s 2 ) = sR (3 a0r X r ep + 0(s 2 ) , 



(25) 



so to lowest order in s the rotation matrix can be read off from (|24|): 

/ 





-SQ* \ 



!1 

2+z 



X r + 0(s z ). 



(26) 





QafE 
\SQ! -Q 2 2 ^ z J 

We see that the experiment shows a relative rotation of the spatial frames at the top and base of 
the tower in a general Kerr spacetime with non- vanishing angular momentum. In contrast, letting 
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a — > we may take the limit from Kerr to Schwarzschild spacetime. Then Afi^ a (s) — > O + 0(s 2 ), so 
that an observer in Schwarzschild spacetime will not see the lowest order effect in this experiment. 

In this way it becomes possible for local non-rotating observers to answer the question, whether 
their spacetime is rotating or not. Crucially, this can be achieved by a local experiment without 
the need of global information at infinity, or spacetime perturbation theory. 



V. DISCUSSION 

In this article we have carefully analyzed the effects of curved spacetime on gyroscope motion. 
We investigated how initially aligned gyroscope systems moving relatively to each other through 
spacetime lose their synchronization. As our central result, we have proven Theorem 1 which 
makes it clear that this desynchronization is caused by the magnetic components of the Riemann 
curvature tensor and by the relative motion of the gyroscope systems. In order to derive this 
result we studied the path dependence of Fermi- Walker transport: spin axes were transported 
along different paths between the same initial and final points in spacetime, taking care of subtle 
non-differentiability issues. Our results extend the well-known theorem about the path-dependence 
of parallel transport. A direct physical consequence of Theorem 1 is the relative rotation of spatial 
observer frames as we have derived in Theorem 2. This result shows that even if two observers at 
a fixed distance in a laboratory initially align their spatial frames, they will in general lose this 
synchronization. In order to keep their spatial frames synchronized, they must counterbalance a 
rotation induced by the curvature of spacetime. 



In general, equation (14) of Theorem 2 catches in a fully covariant way and without involving 
spacetime perturbations the geodetic and frame dragging effects as well as the Thomas precession. 
The first two effects should appear in the curvature contributions, while the Thomas precession, 
as a special relativistic effect, appears in the velocity and acceleration dependent second term, 



see (15). A comparison to standard formulae for these effects is desirable; it would require a 
detailed analysis of the different experimental setups used for the derivations and a rewriting of 
our covariant expressions in terms of a suitable time-space split. 

As an application of our new results we proposed a local gyroscope experiment which enables 
local non-rotating observers to decide whether their spacetime possesses angular momentum in the 
sense of the Kerr metric or not. If this experiment was realized on Earth, it could support the data 
about frame dragging and the geodetic effect collected by the Gravity Probe B [TO] . 
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Appendix A: Proof of Theorem 1 



The proof of Theorem 1 in section III A involves the comparison of spatial orthonormal gyro- 
scope systems transported along the two paths W and ^ of a closed infinitesimal rectangle. The 
sequence (11) and figure [2] describe in detail how this transport is accomplished. We will now work 



through the steps of the two different paths. First, in section A 1[ we express the difference of the 



final gyroscope axes by the Riemann tensor and a second term that acts as a further transformation 



on the initial gyroscope axes. Second, in A 2 we will calculate this transformation, which depends 
on the relative velocity and acceleration of the gyroscope systems, to first nontrivial order. 

The notational conventions here are those introduced in section III Bi We use the abbreviation 

n\ = , = for the normalized vector in direction X; indices a,/3,7, ... run from 1.....3, 

y/\g(x,x)\ ' ' H ' " 

while indices fi,u,p,... run from 0, . . . , 3. 



1. Structure of the result 

We begin by calculating the transport of the initial gyroscope system e a (0, 0) along the path 

W : e a (0,0) e a (t,0) ^ e«(t,0) 7 ^ e«M ^ /«(*,,) . (Al) 

At every stage of the transport we complete the spatial gyroscope system by the normalized timelike 
tangent along which it is transported into a full orthonormal frame. In this way the {e { a\t,s)} 
form a complete frame {ej^ (i, s)} by setting eQ (t, s) = ny(i,s); similarly the {e a (t, 0)} form 
a complete frame {e^(i, 0)} by setting eo(t, 0) = n-y(t, 0) = j(t, 0). The final axes fa (t,s) of 
the gyroscope system are constructed with the help of the Lorentz transformation A^i, s) from 
e^\t,s). These in turn are constructed from the e^\t,0) by gyroscope transport along ^'(t,s), 
which at this point simply is parallel transport since we assumed free fall for the transport of the 
gyroscopes between the observers. Hence 

fW(t,s) = A 1 ^ a (t,s)e^(t,0)p^(t,s) (A2) 
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expressed with respect to the basis p^ (t, s) constructed by parallel transported of the frame 
e u(0)0) along path W. Here we used the fact that the components of a parallelly transported 
vector expressed with respect to a parallelly transported basis do not change along the path. Now 
observe that the (i, 0) are constructed from the e^(t,0) by the Lorentz transformation An(t), 
and the e^(t, 0) are given by parallel transport of the initial frame 6^(0,0). Using the parallelly 
transported basis and the fact that with respect to this basis e^^(0,0) = 5^ we obtain the 
following result for the gyroscope system transport along path W; 

/W(M) = A 12 ^(M)Ai^ (A3) 

We now analyze the gyroscope system transport along the path 

( 2 ) : e Q (0,0) H 1 e( 2 )(0,0) ^ e^(0,s) ^ tf\o,s) ff\t,s) . (A4) 

As above the initial spatial gyroscope axes e Q (0, 0) can be completed into a full frame by means of 

(2) 

the normalized tangent of the path they are transported along. The final gyroscope axes f a (t, s) 
after transport along path ^ are constructed from the /<* (0, s) by gyroscope transport. In general 
this is not a parallel transport but Fermi- Walker transport since we did not make any assumptions 

(21 

about the path j(t, s) at fixed s ^ 0. Introducing the basis (s,t) constructed by parallel 
transport of the initial frame e„(0, 0) along path ( 2 ) we may write 

£\t, s) = fj? )p (0, s)pf\t, s) + t V^(0, s)pf\t, s) + 0{t 2 ) 

= fW?(0, 8)p&>(t, s) + t[g(V^ ( , /P) n/] ms) pf\t, s) + 0{t 2 ) (A5) 

by using the covariant Taylor series as in ([3]) and the gyroscope transport equation ([5]). Tracing 

(2) 

back the f a p (0,s) to the frame e M (0,0) works similarly as for path (1), since they are built from 
Lorentz transformations and parallel transport. So we obtain: 

f£\t, s) = A 22 %( S )A 2 Ap( 2 )(i, a) + t[g(V^, /i 2) )n/] ms /p\^ *) + 0{t 2 ) . (A6) 
To simplify further we expand the components of the second term to first order in s by using the 

(2) 

parallelly transported orthonormal basis p^ , the covariant Taylor series and V-y 7|(o,o) = 0> which 
leads to 

= V s ( v 7' V^n^) M | (0i0) A 22 CT a (0)A 21 l/ (7 + 0{s 2 ) 

= sg(V 7 >Vj<nj, e a )| (0i o) + 0(s 2 ) . (A7) 
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The last equality is due to order counting and the fact that A22 cr a (0^21^0- = b v a since both Lorentz 
boosts cancel at the origin. Using n^, p |( 0iS ) = 7 p |(o,o) + C( s )> we collect the following result for the 
gyroscope system transport along path ( 2 ): 

f®(t, s) = A 2 2%(s)A 2 i^ 2) (t, a) + st[g(V 7 ,V^, e a )j] ]m + 0{t 2 ) + 0((t, sf) . (A8) 

We now calculate the difference between the axes of the gyroscope systems transported along the 
two different paths. We use the standard theorem for the path-dependence of parallel transport Q 
to write p ( p\t,s) = p { p\t,s) - st R(j, -y')e p \ m + 0((t,s) 3 ), and that Ai 2 ^(0, 0)A 1 i' , At (0) = 8 p a . 
Hence 

/P(M)-/P(M) = (A 2 ^(s)A 2 A-A 12 ^(t )S )A 11 ^W)pf(M) 

+st[R(j, i)e a + 3(V y V 7 ^, e a ) 7 ] |(0>0) + 0{t 2 , (t, sf) . (A9) 

Note that also the first line of this result is of O(st). Indeed, we already know that A22 CT a (0)A2i !y cr = 
b v a and Ai2 CT a (0, 0)An v (7 (0) = b v a \ furthermore Ai2°a(i, 0)An l ' cr (t) = b v a since these transformations 
act at the same point of the transport, and Ai2 CT Q (0, s)An u a (0) = A22 cr a (s)A2i l/ - since both paths 
are identical for t = 0; hence we may write 

A 2 2 <T a(s)A 2 / (T - A 12 ^(t, 8)h. n %{t) = st AAP a]m + 0((s, t) 3 ) . (A10) 



Inserting this into equation ( A9 ) yields 



fi 2) (t, s) - s) = st[R(j, 7')e Q + AA p a e p + g(V y V^ T , e a )j] |(00) + 0(t 2 , (t, s) 3 ) (All) 

= st[P^{R(^, i)e a ) + AA" a e p + 5 (V^V y ny, e a )j) |{00) + 0(t 2 , (t, s) 3 ) , 

where = 5 + rij (8> g(nj, •) denotes the projection orthogonal to 7. 

Observe that the expression derived above already has the structure found in Theorem 1. 

2. Detailed calculation 

Two points remain to be proven: we need to show first that AA° Q ,|( 0i o) = — <7(V^Vyn-y, e a )|( 0i o) 
so that the third term in (All) is cancelled, and second that the spatial components AAp q |( ,o) 



have the form claimed in (13). 

To extract AA p Q |( 0i o) from (A10) we calculate the d s dt derivative and evaluate it at (i, s) = (0, 0): 



AA' Q | (0 ,o) = -d s d t (A 12 » a (t, s )) |(0)O) Aii" M (0) - d s (A 12 » a (t, s ))| (0i0) 9 t (A 11 %(t))| ■ (A12) 
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The Lorentz transformations of interest are fixed by the relations 



=A 12 p „(t, S )eW(t,s), eW(t,0) = Au%(t)e p (t,0) 



(A13) 



and by their action on the spatial frame vectors as in equation (10). With the abbreviation 
N = 1 — g(n^,ny) we find 



!(*.«) 



and 



(A14) 



Ai/oO) = ri p ^g( n y, e v)\(t,o) , Au° a (t) = #(ny, e Q )| (tj0 ) , 



(A15) 



Ax/aW = € + 



5^ a g(ny,e a )g{ny,e a ) 



N 



l(*.o) 



(A16) 



It is now convenient to employ the following relations for the covariant derivatives of the nor- 
malized tangent vectors 



(Vyn^)| (0i0) = (V 7 '7)|( ,o) + (ff(Vy7, 7)7)1(0,0) 

(v 7 n y)|{00) = ( ) + 



(A17) 

(Ais) 



in order to equate the required components of the Lorentz transformations and their derivatives: 



An°o(0) = T]°^g(ny, e^^o) , A U V°) = g{ny, e^)| (0 ,o), 
An o(0) = 17 ^(ny, e M )[( ,o) , A 11/3 (0) = #3 + ^ 



N 



1(0,0) 



, (A19) 



<9tAii°o|( ) = r/%(V 7 rty, e M )[( 0)0 ) , StAn ^) = #(V 7 ny, e a )|( ,o) , 
^Ai/oko) = ^ff(V 7 n 7 /,e M )| (0i o) , 



(A20) 



<9,A 



i^ll /3|(0) 



r l 



^(V^ny, e^)g{ep),ny) + g V ^ ' ^ <^ £ ff(ny , e^)ff(ny , e e ) 



1(0,0) 



<9sAi2° Q |(o,0) 



0,AiA 



1(0,0) 



;7(Vyn 7 ,e a ) + —g(ny, e a )£(Vyn 7 , ny) 



1(0,0) 



(A21) 



je/3 



2 1 

ff(Vyn 7 ,e (e )^(e a ),ny) + j^g(Vyriy,ny)g(ny , e e )g(n 1 * , e a ) 



AT 



1(0,0) 
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d t d s A l2 \ 



1(0,0) 



1(0,0) 



g(X7jny,e a ) g(ny,e a ) 



N 



-g(Vyay, fly) + 



N 



g(Vyre 7 , Vyrty) + g(V 7 Vyn 7 )) 



g(n-yi,e a ) 

+s(V 7 Vyn 7 , e a ) H ^ #( vy^, ny)g(j, V 7 ny ) 



1(0,0) 



(A22) 



JV 



g(Vjn 7 >, e( a )g{e S ), Vyn 7 ) + 5K',e( a )3(ej),V^Vy^) 



2 / 



+ ^2 e( a )g(e 5 ), Vyn 7 )c/(V 7 ?iy , 7) + #(ny, e (a )g(e 5) , V 7 ny)p(Vyn 7 , ny) 

)g(ny,e s ) 



+ 



N 2 



^(V-yVyn-y, 27 + ny ) + <?(Vyn 7 , ny )g(V 7 ny , 7) 

+ flfVyn^,, V 7 n~/ ) ) 

77 77 /J |(0,0) 



Combining these expressions finally yields the components AA^aimo)- We obtain 

AA° a |( ,o) = -d s dt(Ai2 a (t,s)) im A n o(0) - d s dt(A 12 P a (t,s)) im A n o (O) 

-d s (A 12 ° a (t, s)) mo) d t (A n ° (t)) m - d s (A 12 \(t, s)) im d t {A - ll°p(t)) m 
= -g(V 7 Vy7,e a )| (0i o) (A23) 

as desired. Moreover we calculate 

AA 5 a(0i0 ) = -d s dt(A l2 a (t, s )) l{m A n S o(0) - d s d t {A 12 p a {t, s ))| {0 ,o)AiiV ) 

-d s {A l2 \{t, s ))| (0i0 )5 i (A 11 5 o(t)) (0>0) - d s {A l2 i{t, a))| (0l o)9t(Aii Vt)) (0 ,o) 



1 

^,5 



(V^Vy 7 )^(ny,e a ) + 



==g(ny , e a )g{V^ , ny + 7) 



^Vl9(7',7')l 
3(Vy7',e, 



(A24) 



==5(V-y7',ny +7)) . 



Observing that Vyy = V 7 7' due to vanishing torsion, and inserting the abbreviations v = V 7 7' 



and V 7 V 7 7 ; , this is precisely the result stated in equation (13). This finally concludes the proof 
of Theorem 1. □ 
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